Estimates of the dilatation function of Beurling–Ahlfors extension  by Chen, Zhiguo & He, Chengqi
J. Math. Anal. Appl. 315 (2006) 176–180
www.elsevier.com/locate/jmaa
Estimates of the dilatation function of Beurling–Ahlfors
extension ✩
Chen Zhiguo a,∗, He Chengqi b
a Department of Mathematics, Zhejiang University, Hangzhou 310028, PR China
b Department of Mathematics, Fudan University, Shanghai 200433, PR China
Received 17 March 2004
Available online 8 September 2005
Submitted by William F. Ames
Abstract
In this paper we estimate the dilatation function of the Beurling–Ahlfors extension in the most general
case. By introducing h,m-function, we obtain an inequality which is sharp up to a constant.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let h be a homeomorphism of the real axisR onto itself. There is a family of Beurling–Ahlfors
extensions of h as follows:
φ(x + iy) = 1
2y
x+y∫
x−y
h(t) dt + i
2y
( x+y∫
x
h(t) dt −
x∫
x−y
h(t) dt
)
. (1.1)
Set
h(x, t) = max
{
h(x + t) − h(x)
h(x) − h(x − t) ,
h(x) − h(x − t)
h(x + t) − h(x)
}
. (1.2)
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Z.G. Chen, C.Q. He / J. Math. Anal. Appl. 315 (2006) 176–180 177If h satisfies the M-condition, that is, h(x, t)M for all x ∈R and t ∈R+, we call h a quasi-
symmetric function. It is well known that the boundary values h(x) of a quasiconformal mapping
of the upper half plane onto itself are quasisymmetric, and the Beurling–Ahlfors extension shows
that a quasisymmetric function is the boundary values function of a certain quasiconformal map-
ping. The two facts play important roles in the theory of quasiconformal mappings. For details
on quasiconformal mappings, see [1]. Denote the dilatation function by D(x,y) (= |φz|+|φz¯||φz|−|φz¯| ).
Since the Beurling–Ahlfors extension was introduced, many estimates were given on the max-
imal dilatation of the extension and the best estimate, D  2ρ, was presented by M. Lehtinen
[11]. In 1990, Z. Li [13] pointed out that the result is unimprovable.
A topological mapping f of a region Ω is µ(z)-homeomorphic (or µ-homeomorphic) if
(I) f is ACL in Ω and
(II) fz¯(z) = µ(z)fz(z),
where µ(z) is a measurable function defined a.e. in Ω and |µ(z)| < 1. For more details on µ(z)-
homeomorphisms, see [3–5,8,10,12,14–17] and the references therein. With the development of
the theory of µ(z)-homeomorphisms and its applications in the field of complex analysis, many
mathematician are interested in estimating the dilatation function of the extension when h needs
not to be quasisymmetric. By the knowledge of the authors, A.N. Fang [9] first estimated the
dilatation function in the general case. In 1996, the present authors with J.X. Chen considered
the problem under the condition that h(x, t) is controlled by a nondecreasing function (t) (see
[7]). For more recent estimates on the dilatation function, we refer to [6,18–21]. In [6], the first
author of this paper considered the most general case without any additional assumptions on h,
a homeomorphism of the real axis, and obtained the following estimate:
D(x,y)
(
h(x, y) + 1
)(
h
(
x + y
2
,
y
2
)
+ h
(
x + y
2
,
y
2
)
+ 2
)
.
However, it was not shown then whether it is sharp or not.
The purpose of this paper is to give a sharp estimate of the dilatation function D(x,y) of the
extension given in (1.1) on the growth order of the  function in the most general case. The basic
difference to the old computations of the dilatation is that one cannot use lemma by Beurling
and Ahlfors about the upper and lower bound of
∫ b
a
h(t) dt in terms of h(b) − h(a) and M , or
its invariants, as these rely on the M-condition. The way to circumvent this is to introduce the
following two functions:
h,m(x, y) = min
{
h
(
x + y
2
,
y
2
)
, h
(
x − y
2
,
y
2
)}
,
h,M(x, y) = max
{
h
(
x + y
2
,
y
2
)
, h
(
x − y
2
,
y
2
)}
.
Theorem 1. Let h be a homeomorphism of R onto itself with h(±∞) = ±∞, and φ be its
Beurling–Ahlfors extension. Then
D(x,y)
2h(x, y)(h,m(x, y) + 1)  1 + O
(
1
2 (x, y)
+ 1
2(x, y)
)
. (1.3)h,m h
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that
3
4
log 2 lim inf
y→0+
D(x,y)
h(x, y)h,m(x, y)
 lim sup
y→0+
D(x,y)
h(x, y)h,m(x, y)
 2. (1.4)
2. Proof of Theorem 1
The extension φ is a homeomorphism of H¯ onto itself with boundary values h(x). It is not
difficult to show that the extension is locally quasiconformal even if h is not quasisymmetric.
Using the same notations as in [6], we denote
α(x, y) = h(x + y) − h(x), β(x, y) = h(x) − h(x − y),
S(x, y) = 1
y
y∫
0
α(x, t) dt, T (x, y) = 1
y
y∫
0
β(x, t) dt.
Let ξ = 1 − S
α
, η = 1 − T
β
and κ = β
α
. Then
D < D + D−1 = Hκ(ξ, η) = κ
−1(1 + ξ2) + κ(1 + η2)
ξ + η . (2.1)
From (4.8) and (4.9) in [6], we have
1
2h(x + y2 , y2 ) + 2
= ξ0  ξ  ξ1 = 2h(x +
y
2 ,
y
2 ) + 1
2h(x + y2 , y2 ) + 2
; (2.2)
1
2h(x − y2 , y2 ) + 2
= η0  η η1 = 2h(x −
y
2 ,
y
2 ) + 1
2h(x − y2 , y2 ) + 2
. (2.3)
In order to prove the inequality (1.3), it suffices to estimate on Hκ(ξ, η). It is known from [2]
that Hκ(ξ, η) is convex, so it reaches its maximum value at one of the vertices of the rectangle
given in (2.2) and (2.3). Comparing the values of Hκ at these four points, we have
Hκ(ξ, η)Hκ(ξ0, η0) = κ
−1(1 + ξ20 ) + κ(1 + η20)
ξ0 + η0
= κ
−1(1 + ξ20 ) + κ(1 + η20)
(2h,m + 2)−1 + (2h,M + 2)−1 .
By definitions of h and κ ,
h(x, y) = max
{
κ, κ−1
}
.
Therefore, we have
Hκ(ξ0, η0)
h[1 + (2h,m + 2)−2] + −1h [1 + (2h,M + 2)−2]
(2h,m + 2)−1 + (2h,M + 2)−1 . (2.4)
Let t = (h,m + 1)(h,M + 1)−1. Then
Hκ(ξ0, η0)H(t) = h[1 + (2h,m + 2)
−2] + −1h [1 + t2(2h,m + 2)−2] (2h,m + 2).1 + t
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H(t) < H(0) = 2(h,m + 1)
[
h + (2h,m + 2)−2 + −1h
]
= 2(h,m + 1)h + 2(h,m + 1)/h + h/2(h,m + 1).
This inequality, together with (2.1) yields (1.3).
Now we turn to prove inequalities (1.4). It is sufficient to give an example to show it. Let h be
a homeomorphism on R and defined as
h(x) =


− 1logx , 0 < x < e−1;
0, x = 0;
1
log3(−x) , −e−1 < x < 0;
ex, elsewhere.
Direct computation yields that
h(0, y) = log2 y, h,m(0, y) = − logy3 log 2 + O(1).
Therefore by (1.3),
lim sup
y→0+
D(0, y)
h,m(0, y)h(0, y)
 2. (2.5)
On the other hand, it is not difficult to show that
S(0, y)
α(0, y)
= 1 + 1
logy
+ o
(
1
logy
)
,
T (0, y)
β(0, y)
= 1 + 3
logy
+ o
(
1
logy
)
.
Therefore,
ξ = − 1
logy
+ o
(
1
logy
)
, η = − 3
logy
+ o
(
1
logy
)
. (2.6)
Substituting (2.6) into (2.1), we have
D + D−1 =
h(0, y)
(
1 + 1log2 y
)+ o(1)
− 4logy + o
( 1
logy
) .
Noticing that D > 1, we have
D >
h(0, y)
(
1 + 1log2 y
)+ o(1)
− 4logy + o
( 1
logy
) − 1.
Thus we obtain
lim inf
y→0+
D(0, y)
h(0, y)h,m(0, y)
 3
4
log 2.
This completes the proof of the theorem. 
From Theorem 1, we have
Corollary 2. If h is quasisymmetric, then its Beurling–Ahlfors extension is quasiconformal.
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